Recently, it has been found that an effective long-range interaction is realized among local bistable variables (spins) in systems where the elastic interaction causes ordering of the spins. In such systems, generally we expect both long-range and short-range interactions to exist. In the short-range Ising model, the correlation length diverges at the critical point. In contrast, in the long-range interacting model the spin configuration is always uniform and the correlation length is zero. As long as a system has non-zero long-range interactions, it shows criticality in the mean-field universality class, and the spin configuration is uniform beyond a certain scale. Here we study the crossover from the pure short-range interacting model to the long-range interacting model. We investigate the infinite-range model (Husimi-Temperley model) as a prototype of this competition, and we study how the critical temperature changes as a function of the strength of the long-range interaction. This model can also be interpreted as an approximation for the Ising model on a small-world network. We derive a formula for the critical temperature as a function of the strength of the long-range interaction. We also propose a scaling form for the spin correlation length at the critical point, which is finite as long as the long-range interaction is included, though it diverges in the limit of the pure short-range model. These properties are confirmed by extensive Monte Carlo simulations.
I. INTRODUCTION
Divergence of the susceptibility is considered one of the characteristics of second-order phase transitions. However, it has been pointed out that in spin-crossover type systems which belong to the mean-field universality class, the spin configuration is uniform even at the critical point. Spin-crossover (SC) materials are molecular crystals, in which the molecules can exist in two different states: the high-spin (HS) state and the low-spin (LS) state. The HS state is preferable at high temperatures because of its high degeneracy, while the LS state is preferable at low temperatures because it has a low enthalpy. An important characteristic of this phase transition is an effective long-range interaction caused by an elastic interaction due to the lattice distortion caused by the different sizes of the HS (large) and LS (small) molecules, and the spin configuration at the critical point is uniform with no large-scale clustering. 3 It has also been found that the long-range interaction affects dynamical properties. 8, 9 In particular, the critical spinodal phenomena predicted by the mean-field theory are truly realized. This contrasts sharply with the case of short-range models, in which the spinodal phenomena occur as a crossover because nucleation-type fluctuations smear out the criticality.
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This uniform spin configuration is one of the crucial characteristics of the pure elastic model without short-range interactions. However, in real materials, we expect that both short-range and long-range interactions should exist. For example, if we consider a usual Lennard-Jones potential between molecules which depends on the spin states, the model has both elastic and short-range interactions. 11 In such systems we expect to see ordering clusters due to the short-range interaction, though the critical phenomena would still be governed by the long-range interaction. Thus, it is an interesting problem to study the crossover between short-range and long-range models. 12 In particular, we expect that the correlation length of the spin-correlation function is finite in the thermodynamic limit, even at the critical point, as long as any long-range interaction exists. In the present paper, we study how the critical correlation length increases and ultimately diverges when the long-range interaction vanishes.
To grasp the general features of the competition between the long-range and short-range interactions, in this paper we study a model in which the long-range interactions are those of the Husimi-Temperley model, which is the simplest model in which one can study this effect. We investigate how the spin-correlation function develops due to the short-range interactions. If the long-range interaction is weak, the system shows ordered clusters near the critical point of the short-range model, T IS c . If we take the cluster size as the unit length, the model can be regarded as a pure long-range model, and it shows the critical properties of the mean-field universality class at the critical temperature of the model, T c . This picture enables a scaling analysis of the crossover. The difference of the critical temperatures,
, is a function of the strength of the long-range interaction. We introduce a formula for the critical temperature as a function of the strength of the long-range interaction, and we perform Monte Carlo simulations to confirm this relation. A model very similar to ours was previously studied by Hastings as a gwell-stirredh approximation for an Ising model on a small-world network.
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A characteristic of the present model is that the correlation length is finite, even at the critical point. We study how the cluster size diverges as the strength of the longrange interaction decreases, and we propose a scaling form for the divergence, which is also confirmed by Monte Carlo simulations. 
where i, j denotes nearest-neighbor pairs, and σ i = ±1 denotes the Ising spin on lattice site i. The critical temperature of this model 14 is
We adopt the following Hamiltonian for the long-range interaction:
The critical temperature of this model 15, 16 is
With J 0 = J, this critical temperature is equal to that of the mean-field approximation for the Ising model on the present lattice.
For the crossover, we study the following hybrid model,
Here, α controls the relative strength of the long-range interaction. T , the short-range order is developed by H IS , and we assume that N cluster spins are tightly correlated and behave as one effective spin. In this case, we introduce an effective spin
Using this effective spin, H HT is expressed as
The short-range part has contributions from interactions at the interfaces between clusters, and H IS is given by
As the clusters grow, the long-range interactions become effectively stronger than the shortrange interactions, and the critical temperature is given by
If we estimate N cluster using the Ising correlation length ξ IS , which has its origin in the short-range interaction, it can be written as
where η is the Ising anomalous dimension and the exponent relations are
and α = 0, β = 1/8, γ = 7/4, ν = 1, and η = 1/4 in the two-dimensional Ising model.
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Then, using the relation
In case α is very small, T c ≃ T IS c , so
This result agrees with Eq. (9) of Hastings' paper. 13 We can confirm the above picture by an exact argument involving the free energy. Let us consider the free energy of the total system with a fixed magnetization, m = i σ i /N. The partition function is given explicitly by
where Z IS (β, m) is the partition function of the Ising model at the inverse temperature β for a fixed value of m. Therefore, the free energy is given by
Here f IS is the free energy per spin of the Ising model, and we assume that it can be expanded around the critical point in the following form
Thus the critical point of the present model is given by
where the susceptibility of the hybrid model (5) diverges. If we adopt the relation
the critical point is given by
which agrees with (14) for small α. We note that equation (19) holds only when T is very close to T IS c , so equation (20) holds only when T c is very close to (1 − α)T IS c . Namely, equation (20) is only valid for α ≪ 1.
In this case (18) yields T c = 4J 0 , the critical temperature of the Husimi-Temperly model (4).
To obtain the numerically correct amplitude for T c (α), we need the Ising susceptibility near the critical point for
Equation (18) can be written as
We write t c (α) =
Expanding to lowest order in t c and α while setting J 0 = J, we get t c ≃ Aα
or equivalently,
This result agrees with (14) . = 4 in these units. We used a standard Metropolis method, adopting periodic boundary conditions. In most cases, we performed 500,000 MCS (Monte Carlo steps) for the data with 100,000 MCS for the equilibration.
From now on, L denotes the linear system size in units of the lattice constant, so the total number of spins is L 2 .
We estimate a candidate for the critical temperature T c (α) for each value of α. In order to obtain this value, we study the size dependence of the peak position of the so-called absolute susceptibility
as a 'critical point' T c (α, L) for the size L. We expect that the peak position saturates at the critical temperature in the thermodynamic limit:
In Fig. 1 , we depict a typical size dependence of the peak for α = 0.001. By a general argument we expect the following size dependence: Here, ν is the critical exponent of the correlation length. However, in the present case, the critical phenomena belong to the mean-field universality class, and the definition of ν is subtle. Namely, if we consider the spatial correlation of the Gaussian model, ν = 1/2, while in the scaling relation in the mean-field universality class, we have the effective ν = 2/d.
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In the infinite-range (HT) model, distances are not well defined, and only the total number of spins, N, has a meaning. Thus, we should rewrite the relation (30) as
where we take the latter case (ν = 2/d) as we did in a previous paper.
3 In the present case d = 2 and thus N = L 2 , which gives
which accidentally agrees with that of the short-range Ising model,
In Thus, we cannot estimate the infinite-system value by a simple extrapolation of the peak position in L −1 for α = 0.0001.
To obtain more accurate estimates for small α, we also estimated T c (α, L) from the crossing point of the fourth-order Binder cumulant, 
III. CLUSTER SIZE AT THE CRITICAL POINT
In the pure long-range model, all spins interact with each other. Thus, the concept of distance has no meaning, and the system does not show any clustering. On the other hand, in the short-range model, the ordering process occurs as a development of short-range order, and the cluster size, i.e., the correlation length, represents the extent of the ordering. In T c (α) of the short-range model and the long-range model, respectively. A clear difference between the two cases is evident.
Here it should be noted that non-divergence of the correlation length does not mean non-divergence of the susceptibility. In the mean-field model, the susceptibility diverges as In the hybrid model (5), the criticality belongs to the mean-field universality class. However, short-range order also develops. Thus, we expect a finite correlation length at the critical point, which increases as α decreases. In Fig. 7 , we depict typical configurations at the critical temperature for various values of α. We clearly see that the size of the clusters increases with decreasing α. 
IV. FINITE-SIZE SCALING OF THE CLUSTER SIZE AT THE CRITICAL POINT A. Scaling function
In this section, we study the correlation length at the critical point for several values of α. From the relation (20), we expect the following relation between the correlation length ξ c at the critical temperature and α : 
where f (x) is a scaling function which is proportional to 1/x for large x, and constant for small x.
In the case of the short-range Ising model, we can estimate the divergence of the correlation length by making use of the susceptibility:
However, in the present long-range interaction model, the value of the magnetization fluctuates uniformly but not spatially. Therefore, we cannot estimate ξ from χ. Here we estimate the correlation length from the spin correlation function c(r) = σ i σ j , where r is the distance between the sites i and j, by the following definition
This definition gives the correlation length if c(r) decays exponentially to its large-r value, and also for general cases it gives an estimate of the correlation length. In Fig. 8 , we depict a typical example of c(r). At large distance, c(r) is constant, Fig. 9 , where we confirm that the correlation length saturates for large L as expected, even for quite small values of α. The estimated ξ(α, L)
are plotted in the finite-size scaling plot Fig. 10 , in which we assume ξ at the critical point depends on α as (38). We find that the data collapse onto a scaling function and thereby confirm the theoretical scaling relation (38). 
V. SUMMARY
We found that in systems with both long and short-range interactions, the long-range interaction dominates the critical properties, even if it is infinitely weak. At the critical temperature, although the susceptibility diverges, the cluster size does not. At the critical temperature, the system has a finite correlation length.
In this paper, we obtained a formula for the change of the critical temperature as a function of the strength α of the long-range interaction, and also a scaling form for the spin correlation length at the critical point.
The crossover of the nature of the order as the length scale changes was studied by a Monte Carlo method. We investigated the values of the Binder cumulant at its crossing points. It moved from the value of the short-range Ising model to that of the mean-field universality class, which enabled us to estimate the critical point systematically. The result agrees well with our proposed formula. We further note that our model can be considered as a gwell-stirredh approximation for the Ising model on a small-world network.
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We also proposed a scaling relation for the correlation length at the critical point as a function of α. At the critical point, the spin correlation function at large distances is constant, 3 proportional to √ N with a short-range component characteristic of the correlation length ξ. We obtained the value of the correlation length from the simulated spin correlation function, thus providing numerical confirmation of our proposed a scaling function.
We expect that the results found in this paper are applicable also for real system with degrees of freedom corresponding to lattice deformation. A study of such a model will be published elsewhere. 26 We hope this kind of phenomena will be found in future experiments. 
